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Abstract. The (isothermic) compressibility of lattice knots can be examined 
as a model of the effects of topology and geometry on the compressibility of ring 
, — polymers. In this paper, the compressibility of minimal length lattice knots in the 

LJ ^ simple cubic, face centered cubic and body centered cubic lattices are determined, 

jj: , Our results show that the compressibility is generally not monotonic, but in some 

cases increases with pressure. Differences of the compressibility for different knot 
types show that topology is a factor determining the compressibility of a lattice 

eknot, and differences between the three lattices show that compressibility is also 
I a function of geometry. 
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1. Introduction 

The compressibility of polymer colloids, melts, and also of biopolymers, is an 
important physical property which affects rheology and other physical properties 
|201 128] ■ The compressibility of linear polymers is monotonic non-increasing with 
pressure (see for example figure I in reference [20] or figures 15 and 16 in reference 
[28]). and typically approaches zero with increasing pressure. 

In this paper, we will examine a model of the compressibility of tightly knotted 
ring polymers, where entanglements becomes an important factor in addition to 
geometry in determining the thermodynamic properties of the polymer. We do so 
by examining the compressibility of a lattice model of a knotted ring polymer. 

Lattice polygons were introduced as a model of polymer entropy in ring polymers 
[9j|4]. In three dimensions a ring polymer may be knotted, and it is known that the 
topological properties of ring polymers have an important effect on entropy [H [5]. 
Lattice knots are now a standard model for the polymer entropy problem in knotted 
ring polymers [121 [5^1 [TO] and these objects have been the subject of numerous studies 
over the last two decades [ll[12l[23[2U[TTl[T8l|25l[23]. One of the advantages 
in models of lattice knots is that they are effective numerical models of simulating 
the effects of topological constraints (knotting) on the properties of ring polymers, 
and although one may not obtain direct quantitative results for real ring polymers, 
qualitative results may be examined to gain insight into the physical properties of ring 
polymers generally. 

The entropy of a ring polymer depends on its length (number of monomers) and 
on knots along the backbone of the polymer. Ring polymers which are too short 
cannot accommodate a knot, and one expect for each knot type there to be a minimal 
length which will allow the knot to be realised in the polymer. This situation is 
modeled by minimal length lattice knots [SJ [7] , which are idealised models of knotted 
ring polymers of minimal length (or equivalently, maximal thickness). 

Examples of minimal length lattice knot in the simple cubic, face centered cubic, 
and body centered cubic lattices are illustrated in figured] 

Figure 1. Examples of minimal lengtti lattice trefoils (knot type 3 J" in 
the standard knot tables [3]) in three dimensional cubic lattices. These are 
embeddings in the simple cubic lattice (left), the face centered cubic lattice 
(middle), and the body centered cubic lattice (right). 

Minimal length embeddings of lattice knots have residual conformational entropy 
(in addition to entropic contributions from translational and rotational degrees of 
freedom). For example, it is known that there are 75 distinct symmetry classes of 




right handed lattice trefoil knots, which expand to 1664 distinct polygons when one 
accounts for rotational degrees of freedom as well [25] . 

The residual conformational degrees of freedom of minimal length lattice knots 
may seem a surprising feature of these models, and are known to be very dependent on 
the particular lattice [16]. However, minimal length ring polymers will similarly have 
some residual conformational degrees of freedom, even if tightly knotted. This would 
be because the discrete values of angles between adjacent bonds joining the monomers 
will admit different local geometric arrangements in the embedding of the polymer in 
free space. These arrangements will contribute to the entropy of the polymer, which 
is generally a function of the local geometry of the bonding (bonding angles, bond 
lengths). It will also be a function of the knot type if the polymer is knotted. The 
overall topology of the knotted polymer will constrain the molecule even locally to 
entangle in particular ways to complete the knot, in particular when it has minimal 
length. This will determine in some measure the entropy of the polymer. 

In other words, while the entropic properties of minimal length lattice polygons 
will not produce quantitative results of real minimal length knotted ring polymers 
due to essential differences between the geometry of the lattice and polymers in three 
space, lattice knots are nevertheless a useful model to examine the qualitative nature 
of the interplay between topology and entropy in ring polymers. 

In this paper we examine the (isothermal) compressibility of lattice knots as 
a model of the effects of pressure and topology on tightly knotted polymers. The 
compressibility will be defined by assuming the lattice knot to be in a bath of solvent 
molecules which are excluded from a volume about the lattice knot. The response 
of the lattice knot to increasing pressure in the solvent will be determined, and its 
compressibility thus determined. 

Our numerical approach will be to determine the compressibility from exact 
numerical data on minimal length lattice knots obtained by using the GAS-algorithm 
for lattice knots [HI [15]. An excluded volume containing the lattice knot will be 
defined, and changes in its mean size to an externally applied pressure will be used to 
calculate the compressibility of the lattice knot as it is compressed in this volume. 

Our approach defines an internal space close to the polygon which excludes solvent 
molecules, and increasing the ambient pressure will then compress the containing 
volume and the lattice knot inside it. We shall define two different volumes for this 
purpose, the first will be the smallest rectangular box containing the polygon, and the 
second will be a more close fitting envelope which will be defined using slices defined 
by the two dimensional convex hulls of intersections of lattice knots with lattice planes. 
The second volume is not necessarily convex, and will in many cases be smaller than 
the convex hull of the polygon, which is much harder to determine. We shall repeat 
these calculations the three cubic lattices, namely the simple cubic lattice (SC), the 
face centered cubic lattice (FCC) and the body centered cubic lattice (BCC). 

In virtually all cases the lattice knots will be found to be compressible in general. 
Moreover, the compressibility will be found to have complicated and unexpected 
dependence on the applied pressure in some knots types, even exhibiting increasing 
compressibility with increasing pressure for some range of the applied pressure. For 
example, the compressibility /3 of a lattice trefoil in a pressurised rectangular box in 
the simple cubic lattice is shown in figure [51 /3 increases with small pressure to a peak, 
it then declines, and reaches a local maximum at intermediate pressures before it 
decreases to zero with large pressures. This unusual shape for the (p, /3) curve shows 
that lattice trefoils may become relatively softer with increasing pressure in some 
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Figure 2. Compressibility of the minimal lattice knot of type 3^ in the SC 
lattice. 



pressure ranges ~ this kind of result would be dependent on both the lattice geometry 
and the topology of polygon, and so would not necessarily give a qualitative indication 
of the nature of real compressed ring polymers. However, the result suggests that this 
kind of behaviour is possible, as it is observed to some extend in all three the lattices 
wc considered. Generally, however, different curves will be obtained for /? in the other 
lattices. 

We organised our paper as follows: In section 2 our methods and definitions are 
presented and explained. In section 3 we present results and discuss our findings. We 
conclude the paper in section 4. 



2. The Compressibility of Minimal Length Lattice Knots 

The SC lattice will be realised as I? with basis {(1, 0, 0), (0, 1, 0), (0, 0, 1)} and edges 
of length 1. The FCC lattice has basis {(±1,±1,0), (±1, 0,±1), (0, ±1, ±1)} for ah 
possible choices of the signs, and edges between adjacent vertices of length 1/2, while 
the BCC will have basis {(±1, ±1, ±1)} for all possible choices of the signs, and edges 
of length \/3. 

Polygons in the SC, FCC and BCC lattices are sequences of vertices and edges 
{vQ^ei,vi,e2,V2, ■ ■ ■ ,Vn-i,emVn\ where vq = Vn and all the vertices Vi are distinct. 
Then end-vertices of edges Cj are Vi-i and vi. The length if a polygon w is the number 
of edges it contains, and the chemical length will be the length times the length of 
edges: For example, if a polygon has length n, then its chemical length in the SC 
lattice is n, in the FCC lattice is n-/2 and in the BCC lattice is n^/i since edges have 
length 1, y/2 and -s/S in the SC, FCC and BCC lattices respectively. In other words, 
the chemical length coincides with the geometric length of the polygons. 

Polygons will be considered to be identical if one is a translate of the other. Define 
Vk to be the set of minimal length lattice polygons of knot type K and length uk- 
The cardinality of Vk is the number of polygons of knot type K and minimal length, 
and this is denoted by Pl{K) = \Vk\ in the lattice L. For example, _psc(Oi) = 3, 
PFCci^i) = 8 while p_bcc(Oi) = 12. The minimal lengths of the unknot in the SC 
lattice is 4, while in the FCC lattice it is 3 and in the BCC lattice it is 4. 

In order to determine the compressibility of lattice knots, it is necessary to define 



the volume they occupy. An upper bound on the excluded volume of a lattice knot 
is the minimal volume rectangular box with sides parallel to the X-, Y- and Z-axes 
containing it. A lower bound can be obtained by noting that a particular lattice knot 
w should occupy at least the sites along its length, and also the intersection of the 
minimal rectangular box containing it with the union of the Wigner-Seitz cells along 
its length. This lower bound is perhaps too small, as interstitial space surrounded 
by vertices of the lattice knot should also be part of the excluded volume. Hence, 
we choose to require the excluded volume of a lattice knot to be a convex region 
containing the knot. 

In the first instance, the smallest rectangular box in the lattice containing the 
lattice knot was taken as an excluded volume Vb about the knot. A second, smaller 
excluded volume Ve is defined by slicing the lattice knot with lattice planes, computing 
convex hulls in these planes, and then gluing them in slabs together to find a more 
tightly fitting volume about the lattice knot. We call this volume the the averaged 
excluded volume Ve of the lattice knot. A more careful definition is given below. In 
both cases we assume that solvent molecules pressurising the lattice knot is excluded 
from the excluded volume Vb and Ve, and increases in pressure in the solvent will 
pressurise the knot by exerting a pressure on the convex boundary of the volume 
about the lattice polygon. 

Once the volumes containing lattice knots have been defined, they can be 
pressurized in these volumes and their compressibility determined. In this study we 
focus on the compressibility of lattice knots by using the minimal rectangular box and 
averaged excluded volume. 

2.1. The rectangular box volume of lattice polygons 

The volume of the smallest rectangular box with sides normal to the lattice axes 
containing a lattice knot is its box volume Vb. This volume is a large overestimate 
of the volume occupied by the polygon, since it is likely to include large spaces near 
the eight corners of the box. Observe that if Vc is the volume of the convex hull of a 
polygon, then in general Vc < Vb, although both volumes are minimal convex shapes 
containing the polygon. 

Define pl{v; K) to be the number of minimal length lattice polygons in a lattice 
L, of knot type K, minimal box volume v. Then X]t>Pi(^i^) ~ Pl{K) is the total 
number of minimal length lattice polygons of knot type K. 

One may check that psc(0; Oi) = 3 but pfcc(1; Oi) = 8. However pbcc{8; Oi) = 
6 and pscc (4; Oi) — 6, since there are two classes of minimal length unknotted 
polygons in the BCC lattice, one class of 6 elements in a minimal rectangular box 
of dimensions 2x2x2, and a second class of 6 elements in a minimal rectangular box 
of dimensions 2 x 2 x 1. 

2.2. The averaged excluded volume of lattice polygons 

Let w be a lattice knot and P^ be a lattice plane normal to the Z-axis. For some choices 
of Pz the intersection luH Pz ^ Qu is not empty but contains a subset of vertices from 
oj. Let Cz be the convex hull of the points in Q^, then Cz is a (geometric) two 
dimensional polygon in the plane Pz. 

Suppose that the (integer) values of z giving a non-empty intersection Q,^ are 
{zo, zi, . . . , Zm\ with Zi_i + 1 — Zi ioT i = 1,2, ... ,m. 
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Figure 3. A scatter plot of the minimum rectangular box volumes Vj, of knot 
types in the FCC and BCC. The points are contained in a narrow wedge, and 
the volumes are strongly correlated. 



Define the slab Sz — Czx[ 



X [z~l/2,z + l/2] for each z = 
X [zo, zq + 1/2] and Sz^ = Cz. 



with i = 1, 2, . 
In addition, define Szg — Cz„ x [zq, zq + 1/2] and Sz^ = Cz^ x [zm — 1/2, z„ 
Define the volume Vz about w by taking the union of these slabs: 
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^. = U "^^ 



Observe that the vertices of w are contained in Vz , but that some edge may in fact 
be partially exposed. Since excluded volume effects in lattice polygons are defined 
in terms of vertices avoiding one another, we still consider Vz to constitute a volume 
containing uj, but it fits very tightly about the polygon in general. 

Volumes Vx and Vy can be defined in this way by cutting a; by lattice planes 
normal to the X-axis or Y-axis instead. Taking the average gives the average excluded 
volume Ve of w: 

Ve = {Vx +Vy+ Vz)/S. 

Observed that 14 < 14. One may also show that 14 = for minimal length unknotted 
polygons in the SC, FCC and BCC lattices. 

The values of 14 in the three lattices are strongly correlated across knot types. 
For example, in figure 0] a scatter plot of Ve in the SC and FCC is illustrated. The 
minimal values of Ve in the FCC and BCC are similarly plotted in figure [S] showing a 
strong correlation between the these minimal volumes in the FCC and BCC lattices. 

The minimal values of 14 and 14 are strongly correlated for different knot types. 
For example, if the minimum value of 14 is relatively small for a knot type K, then so 
is the minimum value of Ve- In figure |6] the minimal values of (14, 14) are illustrated 
in a scatter plot for the SC lattice. 
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Figure 4. A scatter plot of the minimum average excluded volumes Ve of knot 
types in the SC and FCC. The points, with the exception of 83, are contained 
in a narrow wedge, and the volumes are strongly correlated. 
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Figure 5. A scatter plot of the minimum average excluded volumes Ve of knot 
types in the FCC and BCC. The points are contained in a narrow wedge, and 
the volumes are strongly correlated. 
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Figure 6. A scatter plot of nimVe{K) and minVi,{K) in the SC lattice for knot 
types K as indicated. The points are contained in a narrow wedge, and the 
volumes are strongly correlated. 



2.3. The compressibility of minimal length lattice polygons 

Consider a mininial lattice knot w in a volume v^j (which may be either the minimal 
box volume VJ,, or the average excluded volume Ve). If the lattice knot is pressurized 
by an external pressure p, then its statistical mechanics properties will be described 
by its partition function, given by 



Zl{K) 



PL{v\K)e~ 



where pressure and volume are in lattice units, and the Boltzmann factor is put equal 
to unity. 

For example, the partition functions of minimal unknotted polygons with volumes 
Vb are given by 

Z5c(0i) = 3, Zf cc(Oi) - 8e-P, Zbcc(Oi) = 6e-«P + Ge^^^. 

If the volume Ve is used instead, then 



2sc(0i) = 3, Zfcc(Oi) 



■■BCC 



(0i)-12. 



The free energy of these models van be computed in the usual way: Fl{K) ~ 
— log Zl{K). For example, the free energy of minimal length unknotted polygons 
in the BCC lattice in the rectangular box volume Vf, is given by 



-^BCc(Oi) = - log (6e-«P + Qe-^-P) 



(1) 



This is explicitly dependent on p, and shows that pressurising minimal length 
unknotted BCC lattice polygons will lead to a response by adjusting the average 
equilibrium volume occupied by the polygon. 



In the other cases the polygon wih not respond to increasing pressure, and it is 
incompressible . 

The average (equilibrium) volume occupied by a minimal length lattice knot at 
pressure p is obtained by 



Wl = 



dp 



The compressibility of the body is defined by 
91og(y>^ 



/3 = - 



dp 



and this definition shows that /? is the fractional change in expected volume due to an 
increment in pressure. /3 is generally a function of temperature and pressure, and since 
temperature is fixed in this model, this is in particular the isothermal compressibility. 
The average occupied rectangular box volume and compressibility of the minimal 
length unknot in the BCC lattice is 

_4(l + 2e-4p) 

y^bJBCC 



1 



-4p 



When p = this gives (Vb)^^^ — 6 and if p 
compressibility can be computed directly: 

4e-4p 
/3bcc(0i) = 



oo, then (Vt) 



BCC 



4. The 



(l + e-4p)(l + 2e-4p)' 

For the minimal length unknot in the other lattices, and also for the choice of Ve in all 
cases, the compressibility of the unknot is zero (that is, it is not compressible). The 
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Figure 7. Compressibility of tlie BCC minimal lattice knot of type Oi in a 
rectangular box of volume VJ,. Observe the global maximum at p = 0.08664 . . . 
where (5 = 0.68629 .... If p = 0, then /3 = 2/3. 

compressibility of the unknot in the BCC lattice with volume H is plotted in figure [T] 
The minimum rectangular box volume containing a lattice knot K is its minimal 
rectangular box volum,e (in the case Vf,), or its m,inimal average excluded volume (in 
the case of Ve). If a lattice knot is allowed to expand from its minimal volume to 
its equilibrium volume at zero pressure, there is a change in its free energy. The 
maximum amount of useful work that can be extracted from this expansion, if the 



process is reversible, is given by the difference in free energies between the states at 
p — (when the lattice knot is in an equilibrium state at zero pressure) and the state 
were the lattice knot is confined to its minimal volume. 

Since the free energy of the unknot is independent of the pressure for the volume 
Ve, no useful work can be performed by a compressed unknot in any of the lattices. 
With the choice of volume Vb, the one exception is in the BCC lattice where J^bcc(Oi) 
is given by equation ([T]) . Direct calculation shows that the maximum amount of work 
that can be performed by letting this polygon expand reversibly from its compressed 
state is Woi = log 12 - log 6 = log 2. 

3. Compressibility of Lattice Knots: Numerical Results 

3.1. GAS sampling of lattice knots 

In this study we have sampled minimal length lattice polygons by implementing the 
GAS algorithm [Ml [15] . The algorithm is implemented using a set of local elementary 
transitions (called "atmospheric moves" [TB]) to sample along sequences of polygon 
conformations. The algorithm is a generalisation of the Rosenbluth algorithm [24], 
and is an approximate enumeration algorithm. 

The GAS algorithm can be implemented in the SC lattice on polygons of given 
knot type K using the BFACF elementary moves [U [2] to implement the atmospheric 
moves [ISl [16] . This implementation is irreducible on classes of polygons of fixed knot 
type [17]. 

Atmospheric moves in the FCC and BCC lattices were defined in reference |16) . 
and implemented using the GAS algorithm. As in the SC lattice, these atmospheric 
moves are irreducible on polygon classes of fixed knot type. 

The implementation is described in detail in references [15l [16]). Polygons of 
fixed knot type were sampled along sequences, tracking their length and metric 
properties. Minimal length polygons were detected, classified by symmetry class, 
stored by hashing and written to disk for later analysis. 

The GAS algorithm was implemented efficiently using hash coding which allowed 
elementary moves to be executed in 0(1) CPU time, independent of length. This 
efficiency allowed us to perform billions of iterations on knotted polygons in reasonable 
real time on desk top linux workstations. Simulations were performed by sampling 
up to 500 GAS sequences, each of length 10^, to search and collect minimal length 
polygons. In most cases the minimal length polygons were detected fairly quickly, 
although some knot types prove a little harder and required more CPU time. 

Data on minimal knots were collated and analysed separately. Minimal volumes 
Vb and Ve were computed for symmetry classes of the polygons and collected into 
expressions for the partition functions, from which free energies and compressibility 
were computed. 

3.2. Compressibility of minimal length lattice knots in the SC lattice 

The partition function of minimal length lattice knots with volumes given by Vb and 
up to 7 crossings are given in table [Tj The partition functions of minimal lattice knots 
with volumes Ve (average excluded volumes) are listed in table [2| up to 5 crossing 
knots. These expression are typically far more complicated than those in table [Tj 
By examining the partition functions in tables [1] and [2] the compressibility and other 
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Zsc{p) 

3 

1220e-=''P + 4326-1**" + 126-1'^" 
2784e-^'^P +8646-2^" 

,-36p _,_ 2160e"^2P + 120e~="''' 

-36p +2160e-3°P 



432g-48p _^ g24e-3i3p + 2160e"^2P 
405366—***'' +42006"*^" + 105606 
,-48p ^ 2166-*^P + 2166-=*"" 

;"™P + 35046-"**" + 



26406-***" + 2166-*^" + 2166-=*"" 

75606-'^*" + 52566-™" + 35046-"**" + 966""^" 

22086-'5-*" + 9126-"**" + 4326-"=" 

2886"**°" + 2526-'^"" + 118086-™" + 300e-="" + 4686-"**" + 2646-"=" + 36C 

224046-**°" + 28806-^=" + 130326-''"" + 850086-™" + 117126-="" + 22512e 

2406""=" 

246-'^"" +606-™" 



2886"**°" + 2526-'^"" + 118086-™" 
224046-**°" + 28806-^=" + 130326" 
2406""=" 

r''"" +606-™" 

43926-15"" + 2166-™" + 966-"**" + 246""=" 
103686-*"" +47286-**"" + 19206 
1686-**°" + 846-'*"" 



-40p 



-"**" + 2646-"=" + 36006- 

"**" + 106326-"=" 



-60p 



Table 1. Partition Functions: 
Rectangular Box. 



Minimal SC lattice knots in a Pressurized 



properties of the mininial length lattice knots can be determined exactly. 

3.2.1. Compressibility o/SJ" in the SC lattice: The compressibility of the trefoil knot 
displayed in figure [2] was obtained by choosing the volume Vb in the SC lattice. The 
partition function in this case is given by 

Zsc{3t) = 1220e-27p + 4326-^*^^ + Ue'^^P. (2) 

The expected volume of the lattice knot at pressure p is 

3 (2745e-27p + 648e-i**P + 16e-isp) 
^^''^ " 305e-27p + 108e-i8p + 3e-i6p 
and the compressibility is explicitly given by 

_ 889380e-''5P + 36905e-43p + A32e-^^P 

^ ~ (2745e-27p + 648e-i8p + iGe-i^P) (305e-27p + lOSe-i^P + 3e-i6p) ' 

Plotting this function for p G [0,4] gives the curve in figure [5J 

The compressibility of 3^ is not monotone with increasing p but first goes through 
a global maximum and then again later through a local maximum at higher pressure. 
Paradoxically, the lattice knot becomes "softer" when compressed for some ranges of 
the pressure, in the sense that the fractional decrease in volume increases with p in 
some instances. This effect is likely due to the choice of Vb as an enclosing volume - as 
the pressure increase, the lattice knot starts to explore conformations which expand 
into the corners of the containing box more frequently, with the result that there is still 
space to expand into and compensate for the increasing pressure. The maxima in figure 
[2] can be determined numerically. The global maximum is located at p = 0.13557 . . . 
where /3 = 0.92845.... The local maximum is located aX p = 1.82115... where 
/3 = 0.05888 . . .. The compressibility at zero pressure is /3 = 0.65347 . . .. 
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5^ 


96e-29/2 + 48e-i''3p/i2 + 240e-i»5P/i2 + 264e-»iP/« + 144e-^9p/* + 72e-i8^P/i2 
+ 192e-6ip/'i + 264e-i»i''/i2 + 120e-i^5''/i^ + 120e-»='P/=' + 96e-"P/" + 288e-89p/« 
+264e-3ip/2 + 2046-15" + 2766-'"5p/3 ^ ^44g-l79p/l2 _^ 2526-*^"/=' + 1686-9=P''« + 126-1'^" 
+24e-"i'+48e-i««''/i2 


5+ 


24966-i»3p/« + 7926-"=''/« + 726-''^''/" + 486-^'"' + 486-1™"/" + 1926-^==="/" 
+9126-229P/12 + 1320e-^i"/'i + 15366~2"''/i2 + 246-181"/!^ + 50463""/^ + 7206"""'''' 
+22326-35"/=^ + 600e-3S.p/2 _^ ^g5g^-209p/i2 _^ i440e-2i5p/i2 _^ 736-""/'' + 15846-ii3p/'5 

+7686-"^"/'' + 1206-'"^''/=' + 6966-™="/" + 264e-i**^"/" + 20886-=""/=' + 384e-=^"/" 
+ 13926-i«""/« + 1926-"«"/« + 11526-1^" + 456e-i99"/" + 4086"'"'"/" + 2184e-=«"/" 
+726-1=" ^ 3606-*=""/* + 72e-i»=P/" + 5046-"="/'* + 16086"=^"/" + 12246-^""/" 
+ 17286-221"/" + 2166-°="/" + 32646-1°^"/" + 2496e-"^"/2 + 3846""^"/" + 1206-™"/* 
+ 17286-223P/12 + losee-ioi"/" + 2916e-i»" + 1686-"i"/" + 3126-«^"/« + 12006-^="/'' 
+ 17286-™"/'! + 246-=3"/'' + 7686-2<'3"/" + 3366-1='""/" ^ 6006-=""/" + 27126-=="/" 
+246-"i"/6 + 11286-=^"/" + 246-1''"/" ^ 2766-i«" + 12246-'3°"/'i + gGe-"^"^" 
+ 120e-"i"/2 + 12006-21^"/" + 480e-2"""/" + 9366-1^" 



Table 2. Partition Functions: Minimal SC lattice knots in pressurized in their 
averaged excluded volumes. 



These results should be compared when the SC lattice knot of type 3^ is instead 
considered but in the more tightly containing average excluded volume Ve- In this 
case the partition function is given by 

Zsc{3t) = 84e-32p/3 j^ 246"^^^/^ + 3006-^°" + 96e-^^P/^ 



+ 48e-i9/2P 4 
+ 24e~25p/3 4 



'28p/3 



I- 128e~2^P/2 + 

72e-29p/3 _^ i2e-iip + 726" 



168e"3ip/3 

103p/12 

I- 48e-26p/3 + 24e-35p/4 ^ 43^-17/2^ 
24e-i"ip/i2 4 i2e-8p. (3) 



The compressibility can be determined in this model as above. It is plotted in figure 
[5] In this case one notes that the scale of the /3-axis is an order of magnitude smaller 
than the case in figure [21 The pressure range on the X-axis is also expanded to larger 
pressure (up to p = 16 in this case, compared to p = 4 in figure [l]). The qualitative 
shape of the curve is also slightly changed; there is still a global maximum at a non- 
zero value of p, but the secondary local maximum has disappeared. Nevertheless, the 
general shape of the curve is comparable to the curve in figured] The global maximum 
is at p = 0.61046 ... and where /3 = 0.05907 . . .. 

The maximum amount of useful work that can be performed by letting a lattice 
knot type 3^ expand from its minimal containing volume to its equilibrium at zero 
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Figure 8. Compressibility of the minimal lattice knot of type 3^ with volume 
Ve in the SC lattice. 



pressure can be computed from the free energy of the model. If the volume Vb is used, 
then J^sci-^i) = ~^ogZsc{3^) with the partition function given by equation ^. 

By identifying the smallest value of Vf, in equation 1^, putting p — and 
determining the free energy difference between the compressed and zero pressure state, 
it follows that the maximum amount of useful work is yVj+ = log 1664 — log 12 = 
log(416/3) = 4.93207 . . .. Interestingly, in this case the same result is obtained if one 
uses the average excluded volume instead. 



3.2.2. Compressibility of 4i; The compressibility of the figure eight knot 4i is 



illustrated in figure |9j In fi gure |9(a) the compressibility in a rectangular box volume 
Vb is shown, and in figure 9(b)| the compressibility in an averaged excluded volume 
Ve is illustrated. Note the different scales on the axes of the two graphs. One 
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(a) Compressibility in a rectangular box vol- (b) Compressibility in a averaged excluded volume 
ume V(,. Vfi. 



Figure 9. Compressibility of the minimal lattice knots of type 4i in the SC 
lattice. 
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may similarly determine the maxinrmn amount of useful work if the lattice knot 
is relaxed from its smallest containing volume to its state at zero pressure. If the 
volume Vb is used, then this is W^^ = log(38/9) — 1.44036 . . ., and if V^ is used, then 
W41 =log38 = 3.63759.... 



3.2.3. Compressibility of h^ and 62 •' The compressibilities of the two knots 5 J" and 
are plotted in figure [TOl For both choices of the volumes, the knot 5^ is more 



5+ 



compressible than 5^. The generic shapes of the compressibility of Sj are similar for 
the two volumes, both cases having a global maximum away from zero pressure. In 
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(a) Compressibility in a rectangular box vol- (b) Compressibility in a averaged excluded 
ume Vf,. volume Ve- 



Figure 10. Compressibility of the minimal lattice knots of types 5^" and Sj in 
the SC lattice. 



the case of 5^" on the other hand, the global maximum in the compressibility is at zero 
pressure when the volume Vf, is used, but it is at p > when Ve is used. The maxima in 
figure [10(a)] is atp = (;9 = 0.82695 .. .) for 5f and p = 0.13237. . . (/3 = 1.22294...) 
for 5^. Observe that 5^ has a local maximum bX p — 1.43622 . . . {(3 ~ 0.03260 . . .). In 
figure |10(b)| the global maxima are located at p = 1.43811 ... (/3 = 0.01308 . . .) and 
p = 1.11177 . . . (/3 = 0.06718 . . .) respectively. 

The maximum amount of work that can be extracted from these two knot types 
were, for 5^, W5+ = log(139/5) = 3.32504 . . . with volume H and W^+ = log 139 = 

4.93447 . . . with volume K, and for 5^, W5+ = log(133/5) = 3.28091 
Vb and W5+ = log 2394 = 7.78072 . . . with volume K- 



with volume 



3.2.4. Compressibility of knots with 6 crossings: The compressibility of six crossing 
knots are displayed in figure [11] For both choices of Vb and Ve as containing volumes, 
the knot 63 were more compressible, and 6^" least compressible. 

In all three cases the maximal compressiblity were at non-zero pressure, and 
only in the case of 62 with volume Vb did we observe a local maximum in the 
compressibility at higher pressure, compared to the global maximum at low pressure. 
By using the volume Vb to measure compressibility, the (global) maxima in the 
compressibility were at p = 0.22958 . . . where /3 = 0.81816 . . . for 6j^, at p = 0.09103 . . . 
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(a) Compressibility in a rectangular box vol- (b) Compressibility in a averaged excluded 
ume Vf,. volume Ve- 



Figure 11. Compressibility of the minimal lattice knots of types 6j , 63 and 63 
in the SC lattice. 



where /3 = 0.94524... for 63 (with a local maximum at p — 1.20977... where 
P = 0.04840 . . .), and at p = 0.04118 . . . where /3 = 1.33719 ... for 63. 

The maximum amount for work that can be extracted from these knot types 
are Wg+ = log(128/9) = 2.65481..., Wg+ = log 171 = 5.14166..., and Wqs = 
log(74/9) = 2.10684.... 

Using the volume Ve instead, one finds that global maxima at p — 0.61767 . . . 
where P = 0.02723 . . . for 6j^, at p = 0.66097 . . . where /S = 0.04609 ... for 6j, and at 
p = 0.37398 . . . where /3 = 0.05988 . . . for 63. 

The maximum amount for work that can be extracted from these knot types are 



>Vg+ = log 256 



5.54517. 



W« 



4.364O6 . 



log(36/19) = 6.52795..., and We, = log 74 



3.2.5. Compressibility of knots with 7 or more crossings: The compressibilities of 7 
and 8 crossings knots for the choice Vb are summarized in table [3l Several minimal 
lattice knots in table |3] are incompressible, for example Oi, 7;^, 8c|", 8^1" and so on. The 
largest compressibility at zero pressure is for the knot 83, and this is also the largest 
compressibility overall in the table. In this table the appearance of a local maximum 
in the compressibility, as seen for the trefoil in figure [2l for example, appears to be 
the exception, rather than the rule. Only the knot types 3^, 5^, 6^, 9 J and \Q^ have 
local maxima in their compressibility when pressurized in a rectangular box. Most 
knot types have maximum useful work between and 3 in lattice units, but for the 
knot types "i^ , 6;^, 7j|", 8^, ^^c^, 9;^, tQ^ and lOj this exceeds 4 lattice units. 

The minimal value of Vb is listed in the last column of table [3l This shows for 
example that a trefoil can be tied in the cubic lattice in a rectangular box of volume 
16. Comparison of the results in this list shows that amongst 6 crossings knots it is 6f 
which can be tied in the smallest box, and amongst 7 crossings knots T{ . In the list 
of 8 crossings prime knots, type 83 can be tied in a box of volume 27, far smaller than 
any other 8 crossing knot (or even any 5, 6 or 7 crossing knot). This suggests that 83 
can be embedded very efficiently, using relatively little volume, in the SC lattice. 
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Knot 


-9(0) 


Pm 


max^(p) 


loc pm 


local max/3(p) 


Wk 


Mm Vb 


Oi 





- 


- 


- 


- 








3^ 


0.65347 


0.13557 


0.92845 


1.82115 


0.05888 


4.93207 


16 


4i 


0.43228 


0.14599 


0.64617 


- 


- 


1.44036 


27 


5^ 


0.82695 





0.82695 


1.43622 


0.03260 


3.32504 


30 


5J 


0.66116 


0.13237 


1.22294 


- 


- 


3.28091 


30 


6^ 


0.20546 


0.22958 


0.81816 


- 


- 


2.65481 


36 


6J 


0.65497 


0.09103 


0.94525 


1.20977 


0.04840 


5.14166 


45 


63 


1.18846 


0.04119 


1.33719 


- 


- 


2.10684 


45 


7t 


1.43410 


0.06558 


1.93627 


- 


- 


1.55110 


40 


7t 


1.56522 





1.56522 


- 


- 


2.76117 


45 


7t 





- 


- 


- 


- 





45 


7t 


0.05340 





0.05340 


- 


- 


0.33647 


60 


7t 


0.11667 


0.23179 


1.28010 


- 


- 


5.28320 


45 


7t 


0.97333 


0.03759 


1.07580 


- 


- 


2.18183 


60 


n 


0.76190 


0.05029 


0.89165 


- 


- 


1.09861 


64 


8t 


1.31169 


0.04611 


1.49428 


- 


- 


3.56449 


48 


8+ 


2.49340 





2.49340 


- 


- 


4.61042 


48 


83 


3.98158 





3.98158 


- 


- 


2.12193 


27 


84+ 


0.23441 


0.18360 


1.03728 


- 


- 


3.68587 


60 


8^ 





- 


- 


- 


- 





80 


8^ 





- 


- 


- 


- 





80 


8+ 





- 


- 


- 


- 





60 


8^ 





- 


- 


- 


- 





80 


89 


0.60841 


0.09961 


1.43594 


- 


- 


1.99470 


60 


810 





- 


- 


- 


- 





80 


8^1 





- 


- 


- 


- 





80 


812 


1.21212 


0.04185 


1.43594 


- 


- 


1.09861 


60 


813 


1.78904 





1.78904 


- 


- 


1.62612 


64 


814 





- 


- 


- 


- 





80 


8(5 


2.36553 





2.36553 


- 


- 


4.45076 


48 


816 





- 


- 


- 


- 





80 


817 


1.26959 


0.04260 


1.43108 


- 


- 


3.54458 


64 


818 





- 


- 


- 


- 





100 


819 


1.16978 


0.04525 


1.34959 


- 


- 


2.09152 


45 


820 





- 


- 


- 


- 





60 


821 


0.36279 


0.15514 


0.95539 


- 


- 


2.33082 


48 


9^ 


2.99129 





2.99129 


- 


- 


1.62095 


50 


9t 


1.97047 





1.97047 


0.40139 


0.60045 


7.39488 


48 


9|2 


0.80392 





0.80392 


- 


- 


2.00459 


60 


94+7 


1.81376 





1.81376 


- 


- 


0.26236 


80 


10+ 


1.66066 





1.66066 


0.18995 


0.98320 


6.97624 


54 


lOj" 


3.12685 





3.12685 


- 


- 


4.57009 


60 



Table 3. Compressibility of SC Lattice Knots with volume Vi,. 
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In table |4] the compressibilities of minimal SC lattices knots with the choice of 
the volmxie Ve are displayed. Generally, the compressibilities are smaller than those 
in table [3] - this is to be expected because the average excluded volume Ve is a more 
tightly fitting volume about the lattice knots, compared to the rectangular box volume 
Vb- All the minimal lattice knots in table |4] are compressible, with the exception of 
the unknot and the knot type 87 . The largest compressibility is obtained for knot 

type 10]^ a.t p — 1.29256 . . . where f3 = 0.33799 In knot types such as 10^, the 

compressibility varies dramatically with pressure, and this example is illustrated in 
figure [T^ A similar profile can be plotted for 947. The largest compressibility at zero 
pressure is found for knot type 10 J. Observe that there are no knot types with a 
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Figure 12. Compressibility of the SC minimal lattice knot of type lOJ' in its 
averaged excluded volume Ve. 

secondary local maximum in the compressibility in table SI Most knot types have 
maximum useful work between and 6 in lattice units, but for the knot types Sj , 
6+, 7+, 7+, 8+, 8+, 8+, 89, 8+3, 8+ , 8+ , 8+ , 9+, 9+, 10+ and 10+ this exceeds 6 



lattice units. The knot type 92 has particularly large value for the work, namely 
>Vg+ — 11.13255... far larger than types 10]^ and 10^, where the work exceeds 9 
units. 

The minimal value of Ve is listed in the last column of tabled The minimal value 
for 3^ is 8, which is only one half of the volume of the minimal size rectangular box 
containing a lattice knot of type 3+. This shows that the volume Ve is far smaller 
than Vb for this knot type, and the averaged excluded volume of the knot type is a far 
tighter fit about the lattice knot. Comparison of the results in this list shows similarly 
that 83 can be tied with relatively very small value of Ve, in this case Ve — 12, smaller 
than the minimal value of V^ for any other 5, 6, 7 or 8 crossing minimal lattice knots. 

3.3. Compressibility of minimal lattice knots in the FCC and BCC lattices 

The compressibility of minimal lattice knots in the FCC lattice can similarly be 
computed, using again two choices of an enclosing volume, namely Vb for the volume 
of the minimal rectangular box containing the polygon, and Ve for the volume of the 
average excluded volume. 

The partition functions of FCC minimal lattice knots up to crossing number 7 and 
with volumes V& are listed in table [5] With the choice of the average excluded volume 
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/3(0) 


Pm 


max/3(p) 


loC Pm 


local max I3(p) 


Wk 


Mill Ve 
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- 


- 


- 
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3^ 
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0.61046 


0.05907 


- 


- 


4.93207 


8 


4i 


0.02684 


1.22731 


0.03290 


- 


- 


3.63759 


12 


5^ 


0.01159 


1.43811 


0.01308 


- 


- 


4.93447 


14 


5J 


0.04600 


1.11177 


0.06718 


- 


- 


7.78072 


44/3 


6^ 


0.02500 


0.61768 


0.02724 


- 


- 


5.54518 


37/2 


6J 
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0.66098 


0.04609 


- 


- 
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113/6 


63 


0.05438 


0.37398 


0.05989 


- 


- 


4.30407 


37/2 


n 


0.03748 


0.15097 


0.03787 


- 


- 


6.56174 


121/6 


^t 


0.05004 


0.02186 


0.05005 


- 


- 


8.85474 


85/4 


n 


0.00354 


0.53600 


0.00357 


- 


- 


2.30259 


65/3 


n 


0.00706 


0.93823 
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- 


- 


1.25276 


68/3 


n 
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1.95942 
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- 


- 


5.28320 


68/3 


n 


0.03711 





0.03711 


- 


- 
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143/6 
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- 


- 


1.65823 
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- 


- 
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- 


- 


7.55486 
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83 
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- 


- 
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12 
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- 


- 
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8^ 
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0.01103 


- 


- 
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0.63470 
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- 


- 
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8+ 





- 


- 


- 


- 





77/3 


88+ 


0.01758 





0.01758 


- 


- 


3.48124 


57/2 


89 


0.04620 


0.55186 


0.05906 


- 


- 


6.59987 


79/3 


810 


0.00935 


0.47816 


0.00954 


- 


- 


3.55535 


28 


8^1 


0.00299 


0.01757 


0.00299 


- 


- 


0.69315 


169/6 


812 


0.01639 


0.47743 


0.01709 


- 


- 


3.98898 


83/3 


813 


0.05487 


0.17977 


0.05581 


- 


- 


6.29895 
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8^4 


0.00514 
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- 


- 
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- 


- 
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- 
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- 


- 
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- 


- 
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- 


- 


6.36819 


107/6 
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- 


- 
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- 


- 
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9^ 
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- 


- 
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9^ 
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- 


- 
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- 


- 
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- 


- 
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101/4 
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- 


- 
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83/3 
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- 


- 
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Table 4. Compressibility of SC Lattice Knots with volume Ve- 
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Knot 

4i 



6 



7t 

7t 



'3 

7+ 

'4 

7+ 
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+966"=*" + 232806"***" + 38406"*=" + 864l 
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Table 5. Partition Functions; Minimal FCC lattice knots pressurized in a 
rectangular box. 



the partition functions are similarly more complicated, and we do not reproduce those 
here. 

The partition function of minimal lattice knots in the BCC lattice with the volume 
Vb is similarly given in table [6l Far more lengthy expressions are obtained when the 
average excluded volume Vg is used. 



3.3.1. Compressibility of 3^ in the FCC and BCC lattice: Considering first the cases 
with the rectangular box volume Vb, the partition functions of minimal length lattice 
trefoils in the FCC and BCC lattices evaluate to 

ZBcc{3t) = 24e^i25p _^ ^80e~^°°P + 696e~^°P + 384 6"^^^. 
The expected volume of the lattice minimal knot at pressure p is 

p-51p 

{Vb) - 3 
in the FCC lattice, and 
{Vb) = 5 



(3e-27p + 8e-24p) (e-27p + 3e-24p) 
25e-i25p _,_4ooe-ioop + iQie'^^P + 240 e'^^^ 



-i25p + 20e-ioop + 29e-80p + 16e-75? 



in the BCC lattice. 

The compressibilities in these cases are given by 

-51p 

/3 



(3e-27p + 8e-24p) (e-27p + 3e-24p) 
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n 


4g^-252p _^ 192O-240P + ;^44^-225p _^_ i44c-2i6p ^ ig72o-2i0p + i632c-"'"'P 
+2688c-i**''P + 528o-i^^P + 192c-i'^**P+816c-i™P+48c-i™P + 480o-i"P 




n 


4go-i50p 




n 


24o-i"P 





Table 6. Partition Functions: Minimal BCC lattice knots pressurized in a 
rectangular box. 



in the FCC lattice, and 

500 e-225 P + 2349 e'^os p + 1600 e-^O" p + 9280 e^i**" p + 8000 e'^'^^P + 464 e^i^^ p 



(25e-i25p + 400e-l00j' + 464e-80P + 240e-^5p)^ 

in the BCC lattice, where A = (e-^^Sp + 20e-i™P + 29e-®°P + IGe-^^P). 

Plotting these compressibilities in the FCC and BCC lattices for p G [0, 2] gives 
the curves in figure 1131 If the average excluded volume Ve is used instead, then the 
partition functions of minimal length lattice trefoils in the FCC and BCC lattices are 



2i.cc(3^)=64e-i3/2P; 

ZBcc(3]^) = 168e"i6p + 240e-*P + 432e- 

47 44 

+ 96e"-P + 24e"-P. 



■3-P + 144e- 
f P + 24e-^ 



(4) 



(5) 



The expected volume of the minimal lattice trefoil at pressure p is equal to 
(Ve) = 13/2 (independent on p) in the FCC lattice, and is a lengthy expression 
(dependent on p) in the BCC lattice. The compressibility in the FCC lattice is 
identically zero, and in the BCC lattice is again a lengthy expression. Plotting these 
compressibilities in the FCC and BCC lattices for p e [0, 2] gives the curves in figure 

Observe that for both choices of the volumes Vf, and Ve, that 3^ is more 
compressible in the BCC lattice than in the FCC lattice. This observation shows 
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(a) Compressibility in a rectangular box vol- (b) Compressibility in a averaged excluded 
ume V{,. volume Ve- 



Figure 13. Compressibility of the minimal lattice knots of type 3^ in the FCC 
and BCC lattices. The compressibility in the SC lattice (see figures [2] and (S)! are 
included for comparison. 



that the knot is much more tightly embedded in the FCC lattice, and that increasing 
pressure compress the knot less in the FCC lattice. 

The global maxima of /3 in figure 13(a) (this is for the choice VJ,) occurs at p = 
in the FCC and BCC lattices. In this particular case, fS = 1.17690... in the FCC 
lattice and f3 = 1.48918. . . in the BCC lattice at zero pressure. The compressibility 
decreases monotonically with increasing p > in both cases. If the volume Ve is used 
instead, then /3 = for p > in the FCC lattice (the lattice knot is incompressible), 
but there is a global maximum in (3 a.t p = 1.62452 . . . where (3 — 0.04773 . . .. 

The maximum amount of useful work that can be performed by letting a lattice 
knot type 3^ expand from its maximal compressed state to its equilibrium at zero 
pressure in the FCC and BCC lattices can be computed as before. In these lattices, 
W3+ = log(4/3) = 0.28768 ... in the FCC lattice, and W3+ = log(33/8) = 1.41707 . . . 
in the BCC lattice. If Ve is used instead, then >V,+ = in the FCC lattice, and 



W3+ =log66 = 4.18965. 



. . in the BCC lattice. 



3.3.2. The compressibility of minimal lattice knots in the FCC and BCC lattices: The 
compressibilities of the figure eight knot 4i are illustrated in the FCC and BCC lattices 
for the choices of the volumes Vb and Ve in figures [M] For the choice of volume Vb in 
the FCC lattice, the maximum compressibility of 4i is at p = 0, when /? = 1.17690 . . ., 
but for Ve one obtains a maximum a,t p — 0.86318 . . . where /3 — 0.07938 . . .. The knot 
is incompressible for both choices Vb and Ve in the BCC lattice. 

The maximum amount of work is W4^ = log(233/16) = 2.67844 ... in the FCC 
lattice for Vb, and Wa, = log(233/8) = 3.37159 ... in the FCC lattice with the choice 

Ve. 

Data on the compressibility of lattice knots in the FCC lattice with the choice of 
volume Vb is given in table[7]and with the choice of volume Ve in tablelH Observe that 
in most cases the maximal compressibility is at zero pressure, and that exceptions to 
this are sporadic in tables [7] and [8l Even more sporadic are knot types with secondary 
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(a) Compressibility in a rectangular box vol- (b) Compressibility in a averaged excluded 
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Figure 14. Compressibility of the minimal lattice knots of type 4i in the FCC 
and BCC lattices. The compressibilities in the SC lattice (see figure |9j are 
included for comparison. 



B+, and >V« 

^2 : 8^1, 



local maxima in the compressibility, as seen for example in figure [2] for the trefoil knot 
- in fact, with the choice of volume Vb only the knot types 7^ and 8j^ have secondary 
local maximum in the compressibility, and with Vg, only 8i8. 

Amongst knot types of 8 crossing the knot types Sig, 8^g and SJq can be realised 
in a rectangular box of volume 45, small compared with the other eight crossing knots. 
This is only slightly smaller than the minimum value of Vb for 8]^, which is 48. 

The maximum work in table [7] is obtained for 8^, and Wg+ — 8.44779 . . .. Other 

knot types which have high values for Wk are 6^^, 8 J, 8^;^, 8^3, 8^0 ^^'^ ^2 ■ 

If one considers the volume Ve instead, then there is a steady increase of Ve with 
increasing knot complexity in table |8l The maximum work in table |8] is obtained for 
^+ = 9.14094 . . .. Other knot types which have high values for Wk are 63, 

B^3, 9^ and 10^. 

Data on the compressibility of lattice knots in the BCC lattice with the choice of 
volume Vb are given in table ^ and with the choice of volume Ve in table [TUl 

In most cases the maximal compressibility is at zero pressure, but there are some 
exceptions to this in tables [9] and 1101 For example, the maximum compressibility of 
the unknot is at p = 0.08664 ... for the choice Vb in table IHl 

There are also some knot types with secondary local maxima in the 
compressibility, similar to the case seen in figure [2] for the trefoil in the SC lattice 
with the choice of Vb as volume. With the choice Vb in the BCC, these include 63, 7^, 
8^, 87^, 89, 818, 9^ and 9jy, and for the choice T4, 6^, 7^ and 9^. 

Amongst knot types of eight crossings the knot types 8^, 83, 812, 818 and 8^g 
can be realised in a rectangular box of volume 144; this is smaller than other eight 
crossing knots, and these knot types have compact minimal length conformations in 
the BCC. As one would expect, with some exceptions, these knot types are also less 
compressible than eight crossing knots. 

The maximum work in table [3] is obtained for 84", and Wg+ — 7.57968 . . .. Other 

knot types which have high values for Wk are 8^, 8^ and 813. 
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Knot 


/3(0) 


Pni 


niax/?(p) 


loc Pm 


loc max/3(p) 


Wk 


Min Vb 


Oi 





- 


- 


- 


- 








3^ 


0.06818 





0.06818 


- 


- 


0.28768 


24 


4i 


1.17690 





1.17690 


- 


- 


2.67845 


27 


5^ 


0.54661 


0.10381 


0.72940 


- 


- 


1.38629 


36 


5J 


1.84036 





1.84036 


- 


- 


2.77259 


40 


6^ 


2.78110 





2.78110 


- 


- 


5.98141 


40 


6J 


2.28512 





2.28512 


- 


- 


2.57452 


45 


63 


2.31350 





2.31350 


- 


- 


4.77819 


36 


7t 


1.63106 


0.02343 


1.65022 


0.46211 


0.17066 


4.44265 


54 


7t 


2.63144 





2.63144 


- 


- 


3.76120 


45 


7t 


2.10233 





2.10233 


- 


- 


1.60944 


60 


7t 


0.03030 


0.27976 


0.04082 


- 


- 


1.38629 


96 


7t 


2.86502 





2.86502 


- 


- 


4.15191 


54 


7t 


2.77693 





2.77693 


- 


- 


2.14007 


48 


n 


2.79374 





2.79374 


- 


- 


1.90954 


48 


St 


3.54811 





3.54811 


- 


- 


8.44779 


48 


St 


3.08699 





3.08699 


- 


- 


5.59306 


54 


83 


3.39870 





3.39870 


- 


- 


3.10109 


60 


8| 


3.35418 





3.35418 


- 


- 


3.75654 


60 


8^ 


1.21929 





1.21929 


- 


- 


3.43399 


63 


86+ 


3.92441 





3.92441 


- 


- 


3.08089 


60 


8+ 


1.61860 





1.61860 


- 


- 


1.46634 


64 


88+ 


2.82549 





2.82549 


- 


- 


2.06369 


60 


89 


3.13220 





3.13220 


- 


- 


2.60269 


60 


810 


2.03727 





2.03727 


- 


- 


0.81093 


80 


8^1 


3.10730 





3.10730 


0.58372 


0.18936 


8.04093 


54 


812 


3.14959 


0.00838 


3.16225 


- 


- 


2.65676 


60 


813 


3.25299 





3.25299 


- 


- 


5.24965 


48 


8^4 


3.07391 





3.07391 


- 


- 


2.12613 


60 


8J 


2.67195 





2.67195 


- 


- 


4.84024 


60 


816 


1.88507 





1.88507 


- 


- 


1.21640 


64 


817 


1.81676 





1.81676 


- 


- 


1.21640 


64 


818 


3.11696 


0.01503 


3.16790 


- 


- 


3.28916 


45 


819 


0.25869 


0.17760 


1.50198 


- 


- 


3.13549 


45 


820 


1.73255 





1.73255 


- 


- 


5.95551 


45 


821 


2.06897 





2.06897 


- 


- 


2.39253 


60 


9^ 


2.00000 


0.01014 


2.02041 


- 


- 


1.38629 


80 


9^ 


3.82335 





3.82335 


- 


- 


5.21577 


60 


9I2 





- 


- 


- 


- 





80 


9i7 


0.92683 


0.10758 


1.04061 


- 


- 


2.36712 


64 


10+ 


4.11636 





4.11636 


- 


- 


4.13116 


80 


loj- 


4.42190 





4.42190 


- 


- 


3.02852 


80 



Table 7. Compressibility of FCC Lattice Knots with volume V^. 
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Knot 


m 


Pm 


inax/3(p) 


locp„ 


loc niax/3(p) 


Wk 


Mill Ve 


Oi 





- 


- 


- 


- 








3^ 





- 


- 


- 


- 





13/2 


4i 


0.05773 


0.86318 


0.07939 


- 


- 


3.37160 


61/6 


5^ 


0.01793 


1.00305 


0.02393 


- 


- 


1.38629 


37/3 


5j 


0.02808 


0.39566 


0.02899 


- 


- 


2.77259 


85/6 


6^ 


0.05461 


0.18826 


0.05525 


- 


- 


5.98141 


101/6 


6J 


0.06128 


0.57204 


0.07799 


- 


- 


4.65396 


33/2 


63 


0.03845 


1.33926 


0.07523 


- 


- 


6.97541 


107/6 


7^ 


0.03763 


1.23906 


0.05985 


- 


- 


4.44265 


56/3 


7J 


0.04219 


0.81100 


0.05525 


- 


- 


4.45435 


41/2 


7^ 


0.02067 





0.02067 


- 


- 


2.99573 


22 


7t 





- 


- 


- 


- 





59/3 


7^ 


0.04597 


0.83134 


0.06570 


- 


- 


6.34914 


127/6 


n 


0.02878 


0.60837 


0.03174 


- 


- 


4.62497 


23 


n 


0.00706 





0.00706 


- 


- 


2.60269 


149/6 


8t 


0.07131 


0.83333 


0.08379 


- 


- 


9.14094 


68/3 


8t 


0.07810 


0.70937 


0.11184 


- 


- 


7.09714 


70/3 


83 


0.05429 


0.24897 


0.05568 


- 


- 


5.99146 


51/2 


84+ 


0.07784 


0.64740 


0.13305 


- 


- 


6.05912 


23 


8^ 


0.03590 


0.05611 


0.03594 


- 


- 


4.82028 


27 


S 


0.05098 





0.05098 


- 


- 


5.27811 


157/6 


8+ 


0.01714 


1.00129 


0.02788 


- 


- 


3.25810 


80/3 


8^ 


0.02133 





0.02133 


- 


- 


4.14313 


82/3 


89 


0.03862 


0.99643 


0.05810 


- 


- 


4.68213 


76/3 


810 


0.01719 





0.01719 


- 


- 


3.58352 


55/2 


8^1 


0.04565 


0.90466 


0.05686 


- 


- 


8.73408 


76/3 


812 


0.04210 


0.50800 


0.04937 


- 


- 


5.14166 


82/3 


813 


0.05485 


0.93825 


0.08329 


- 


- 


8.65085 


149/6 


8^4 


0.02199 


1.48654 


0.02628 


- 


- 


6.34564 


167/6 


8^5 


0.03477 


0.53993 


0.03777 


- 


- 


6.63200 


163/6 


8^6 


0.02406 


0.34559 


0.02490 


- 


- 


5.78074 


85/3 


817 


0.01195 


0.63042 


0.01246 


- 


- 


4.68213 


29 


818 


0.04895 





0.04895 


0.85036 


0.04679 


6.06175 


85/3 


819 


0.01621 


1.02391 


0.01949 


- 


- 


3.13549 


56/3 


820 


0.05023 


0.98438 


0.08007 


- 


- 


6.24320 


59/3 


821 


0.02566 


1.25537 


0.03751 


- 


- 


5.91889 


133/6 


9^ 


0.00758 


0.03410 


0.00758 


- 


- 


1.38629 


86/3 


9j 


0.07279 


0.67316 


0.08113 


- 


- 


8.47387 


161/6 


9I2 


0.00028 


0.02007 


0.00028 


- 


- 


0.69315 


149/6 


9^7 


0.01177 


0.45773 


0.01190 


- 


- 


4.15888 


89/3 


10+ 


0.06685 


0.55416 


0.07921 


- 


- 


7.38926 


31 


10^ 


0.06372 


0.45145 


0.08370 


- 


- 


5.22575 


32 



Table 8. Compressibility of FCC Lattice Knots with volumes Ve- 
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Knot 


/3(0) 


Pni 


Taax/3{p) 


loc Pm 


loc max/3(p) 


Wk 


Min Vb 


Oi 


0.66667 


0.08664 


0.68629 


- 


- 


0.69315 


4 


3^ 


1.48918 





1.48918 


- 


- 


1.41707 


75 


4i 





- 


- 


- 


- 


- 


80 


5^ 


2.58695 


0.02790 


2.78116 


- 


- 


2.96075 


105 


5J 


2.08587 


0.00813 


2.09679 


- 


- 


2.31747 


112 


6^ 


2.33657 


0.02208 


2.77037 


- 


- 


1.09861 


112 


6J 


2.06977 





2.06977 


- 


- 


4.04888 


125 


63 


1.54825 





1.54825 


0.09268 


1.34564 


4.23411 


120 


7t 


1.37260 





1.37260 


0.28854 


0.03530 


1.91365 


175 


7t 





- 


- 


- 


- 


- 


180 


n 


2.41600 


0.04325 


3.10143 


- 


- 


3.84695 


144 


7t 


5.70413 





5.70413 


- 


- 


3.37374 


150 


n 


2.49925 


0.01719 


2.56136 


- 


- 


2.90690 


144 


7t 





- 


- 


- 


- 


- 


150 


n 





- 


- 


- 


- 


- 


144 


St 


2.25572 


0.05046 


5.70492 


- 


- 


3.43399 


144 


St 


3.20299 





3.20299 


- 


- 


7.11477 


168 


83 


1.96612 


0.03662 


5.29029 


- 


- 


2.19722 


144 


8| 


5.43599 





5.43599 


0.38809 


0.10046 


7.57968 


168 


8^ 


3.14193 





3.14193 


- 


- 


2.01653 


175 


86+ 


3.44004 





3.44004 


- 


- 


5.23644 


160 


8+ 


3.37683 





3.37683 


0.10270 


1.94863 


6.90475 


160 


88+ 


3.49969 





3.49969 


- 


- 


4.79027 


168 


89 


2.59394 





2.59394 


0.05510 


1.94102 


3.16969 


175 


810 


2.24347 





2.24347 


- 


- 


2.55205 


180 


8^1 


2.41677 





2.41677 


- 


- 


5.80212 


175 


812 





- 


- 


- 


- 


- 


144 


813 


4.10106 





4.10106 


- 


- 


5.21221 


168 


8^4 


3.13157 





3.13157 


- 


- 


5.86647 


160 


8J 


1.73039 


0.05233 


2.12601 


- 


- 


3.39002 


168 


816 


0.97928 





0.97928 


- 


- 


1.29928 


175 


817 


0.92879 





0.92879 


- 


- 


0.30538 


180 


818 


4.70675 





4.70675 


0.16392 


2.02337 


6.59987 


144 


819 


1.69240 


0.03863 


2.08744 


- 


- 


1.72385 


144 


820 


3.41192 





3.41192 


- 


- 


4.96634 


150 


821 


2.03630 





2.03630 


- 


- 


2.26868 


175 


9^ 


4.05666 





4.05666 


- 


- 


5.92604 


180 


9^ 


4.80856 





4.80856 


0.08777 


2.46128 


5.66296 


168 


9|2 


1.80198 





1.80198 


- 


- 


3.34990 


175 


9i7 


2.10389 





2.10389 


0.09644 


1.64930 


5.06189 


175 


10+ 


3.33858 





3.33858 


- 


- 


1.79176 


210 


lOj 


2.72186 


0.01441 


2.79899 


- 


- 


2.14251 


240 



Table 9. Compressibility of BCC Lattice Knots with volumes Vj,. 
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Knot 


m 


Pm 


inax/3(p) 


locp„ 


loc niax/3(p) 


Wk 


Min Ve 


Oi 





- 


- 


- 


- 








3^ 


0.03402 


1.62452 


0.04773 


- 


- 


4.18965 


44/3 


4i 





- 


- 


- 


- 





64/3 


5^ 


0.06553 


1.22854 


0.10245 


- 


- 


5.32788 


80/3 


5j 


0.05674 





0.05674 


- 


- 


4.62006 


91/3 


6^ 


0.00629 





0.00629 


- 


- 


0.40547 


35 


6J 


0.05241 





0.05241 


1.37261 


0.03755 


5.14749 


116/3 


63 


0.03892 


0.79096 


0.05619 


- 


- 


4.23411 


116/3 


7^ 


0.03748 





0.03748 


- 


- 


1.71298 


124/3 


7J 





- 


- 


- 


- 





44 


7^ 


0.06347 





0.06347 


0.22071 


0.06115 


6.14954 


134/3 


71 


0.09845 


0.57690 


0.38184 


- 


- 


5.45318 


40 


7^ 


0.06912 





0.06912 


- 


- 


5.20949 


48 


n 





- 


- 


- 


- 





47 


n 





- 


- 


- 


- 





48 


8t 


0.09074 


0.23262 


0.11279 


- 


- 


2.74084 


49 


8t 


0.09247 


0.71950 


0.17808 


- 


- 


7.80792 


152/3 


83 


0.00856 





0.00856 


- 


- 


0.58779 


152/3 


84+ 


0.13367 


0.39542 


0.26081 


- 


- 


6.88653 


148/3 


8^ 


0.07155 





0.07155 


- 


- 


5.03695 


167/3 


s 


0.06902 


0.65504 


0.10783 


- 


- 


5.23644 


54 


8+ 


0.08047 


0.57910 


0.13155 


- 


- 


6.90475 


52 


8^ 


0.11540 


0.46546 


0.11558 


- 


- 


6.58203 


54 


89 


0.06412 





0.06412 


- 


- 


4.77912 


169/3 


810 


0.04289 


0.77248 


0.05574 


- 


- 


5.44242 


166/3 


8^1 


0.07035 


0.93770 


0.07418 


- 


- 


5.80212 


166/3 


812 





- 


- 


- 


- 





176/3 


813 


0.05706 


0.71565 


0.07935 


- 


- 


5.90536 


56 


8^4 


0.09919 





0.09919 


- 


- 


5.86647 


170/3 


8^5 


0.05556 


0.86305 


0.06846 


- 


- 


4.48864 


57 


8^6 


0.08002 


0.19909 


0.08208 


- 


- 


3.09104 


58 


817 


0.04271 





0.04271 


- 


- 


2.94444 


58 


818 


0.16917 





0.16917 


- 


- 


5.21358 


191/3 


819 


0.17811 





0.17811 


- 


- 


2.44777 


42 


820 


0.11282 


0.07141 


0.11314 


- 


- 


7.79955 


134/3 


821 


0.04977 





0.04977 


- 


- 


2.67415 


148/3 


9^ 


0.07219 





0.07219 


- 


- 


7.43011 


57 


9j 


0.08763 





0.08763 


0.89024 


0.08575 


5.66296 


170/3 


9I2 


0.04013 


0.46670 


0.05049 


- 


- 


4.04305 


157/3 


9^7 


0.09375 





0.09375 


- 


- 


6.56597 


63 


10+ 


0.05363 


0.23863 


0.06286 


- 


- 


1.79176 


64 


10^ 


0.06635 


0.89586 


0.09463 


- 


- 


6.01372 


200/3 



Table 10. Compressibility of BCC Lattice Knots with volumes Ve. 
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A 



FCC 




Figure 15. Scatter plot of zero pressure compressibilities (V;,) of minimal 
lattice knots in the SC and FCC lattices. Generally, the lattice knots arc more 
compressible in the FCC, although there are exceptions to this, these would be 
the knot types which lay below the diagonal in this diagram. 



If one considers the volume Vg instead, then there is a steady increase of Ve with 
increasing knot complexity in table [TOl Amongst knot types of eight crossing the knot 
types 8]^g and SJq can be realised with averaged excluded volume Ve equal to 42 and 
134/3, this is small when compared to other eight crossing knots. 



The maximum work in table [10^ is obtained for 8, 



and Wg+ = 7.80792 . 



Other 



knot types which has high values for Wk are 8^o and 9^. 



3.4- Discussion of Results 

The compressibility data of SC lattice knots in tables [3] and 2] indicate that different 
knot types may have very different properties. That is, the compressibilities are 
functions of the topologies of the embedded polygons, as well as of the geometry of 
the polygons, since the results are also dependent on the lattice, as seen for example 
when comparing the data in tables [U [7] and El 

Generally, the minimal length lattice knots were also more compressible in the 
volume Vb, compared to the average excluded volume Ve which is a more close-fitting 
envelope about the polygon. This should be due to the fact that there is extra space 
for the compressed polygon to expand into near the corners of the rectangular box in 
the volume Vb, and this is not available in the volume Ve- 

There appears to the little correlation between the zero pressure compressibility 
of minimal lattice knots in the three lattices. For example, in figures [T5] and [11] two 
scatter plots of the zero pressure compressibility computed from the rectangular box 
volume Vb are given, showing a wide dispersion of points and little correlation between 
the data in different lattices. There are some generic trends visible in these plots, 
for example, compressibility tends to increase with crossing number in at least one of 
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Figure 16. Scatter plot of zero pressure compressibilities (Vj,) of minimal lattice 
knots in the FCC and BCC lattices. Generally, the lattice knots are more 
compressible in the FCC. 
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Figure 17. Scatter plot of zero pressure compressibilities of minimal lattice knots 
computed from the volume Ve in the FCC and BCC lattices. 



the lattices (and knots with low crossing number are likely to be closer to the origin 
in these plots). 

The situation is similar if the compressibilities are instead computed by consider 
the more close fitting volume Ve- In figure [17] a scatter plot of the zero pressure 
compressibilities in the SC and FCC lattices, computed from Ve, are illustrated. The 
wide dispersion of the points are similar to the results seen for the volume T4 . 

Examination of the data on Wk in each of the lattices and for the knot types, 
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shows that there are some correlations between compressibiUty and the total amount of 
work. For example, in figure[T8]a strong correlation is observed between the maximum 
compressibility Pm and Wk of knot types in the SC lattice computed from the volume 
Ve- Similar graphs are obtained in the other lattices and also for the choice of 14 as 



13.0 



Wsc 




Figure 18. Scatter plot of maximum compressibilities of minimal lattice knots 
and the total amount of work Wl computed from the volume Ve in the SC lattice. 
The data show a close correlation, with the knot types 9Jj 
in this graph. 



^^ and 10^ clear outliers 



containing volume. There are somewhat weaker correlations between zero pressure 
compressibility and Wk in all cases. 

The data in tables El [71 [E IS] and jTUl show an association between knot types 
having secondary local maxima in their compressibility curves, and having high total 
value of Wk- In table [31 the knot types 3^ , 5^, 6^, 9^ and 10^ have local maxima in 
I3sc (the case for 3f is illustrated in figure H]), and all have higher values of Wk than 
comparable knots. A similar pattern can be seen in the other other tables. 



4. Conclusions 



In this paper the compressibility of minimal length lattice knots were examined in three 
lattices, namely the SC, the FCC and the BCC lattices. Generally, the compressibility 
properties were found to be dependent on the lattice as well as the knot type. Since 
the lattice impose a geometric constraint on the lattice knots, the compressibility is 
determined to be a function of the geometry. 

More generally, different knot types were also found to have very different 
compressibility properties in each of the lattices. This is for example illustrated 
in figure [10] and [Tl] for SC lattice knots; the compressibilities of knot types of 
roughly the same geometric and topological complexity (for example, about the same 
minimal length and with the same crossover numbers) are seen to have different 
compressibilities with increasing forces. 

We examined the compressibilities by using two notions of a confining space for the 
lattice knots, firstly the smallest rectangular box volume Vb containing the polygons, 
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and secondly an average excluded volume Ve computed by slicing the knot in slabs, 
taking the convex hulls of those slabs, and then their union. Ve is a very tight envelope 
around the lattice knot. 

In figure ini we show that there is a strong correlation in knot type between Vb and 
Ve in the SC lattice, and the convex hull volume is thus similarly highly correlated with 
both Vb and Ve- Similar results were obtained in the FCC and BCC lattices. Thus, 
for many knot types the compressibilities /3 were similarly behaved for either choice 
of the volume, as one may see in figures [2] and [8] for the knot type 3i and in figure [9] 
for the knot type 4i in the SC lattice. This was not universally the case however, as 
for example seen in figure I13[ where data in the three lattices are compared for the 
trefoil knot. 

We do however see the following qualitative features in our results: (1) 
Compressibilities are not monotonic with increasing pressure, but may rise and fall 
instead, and may even exhibit two local maxima. That is, with increasing pressure 
the lattice knot may become relatively more compressible in the sense that fractional 
change in volume may increase with pressure in certain pressure ranges. (2) Generally, 
in tables [3] and IH [7] and \8\ and |9] and [101 there is a weak pattern of increasing 
compressibility at zero pressure down the tables. (3) We found that FCC lattice knots 
are likely to have larger compressibility with the volume Vb, as seen in figures fTSl and 
\W[ although there are many exceptions to this. This is not the case if the volume Ve 
is used, as one may for example see in figure [TT] 

We have also computed several other properties of the lattices knots, such as for 
example the minimum values of Vb and Ve in each case. In addition, the maximum 
amount of useful work that can be extracted from a knot if it undergoes a reversible 
isothermic expansion. This sets an upper bound on the amount of useful work that 
van be extracted by the expansion of a compressed lattice knot. Our results were 
listed and discussed (see for example figure [18)). 



Knot 


m 


Pm 


max/3(p) 


loc Pju 


loc max/3(p) 


m< 


MinT/ 


3r#3r 


1.27231 


0.33117 


2.24876 


- 


- 


7.15149 


24 


3^#3r 


1.51949 


0.20408 


1.25617 


- 


- 


8.42508 


24 


3f#4i 


1.76227 


0.00000 


1.76227 


- 


- 


4.79472 


36 


4i#4i 


2.30417 


0.03292 


2.57205 


- 


- 


6.77072 


45 


3^#5+ 


0.46721 


0.19779 


2.91011 


- 


- 


6.03715 


40 


3f#5r 


1.50415 


0.10167 


1.73399 


- 


- 


7.07741 


40 


3f#5j 


2.22590 


0.00000 


2.22590 


- 


- 


9.99405 


40 


3^#52- 


0.12513 


0.24702 


0.66874 


- 


- 


2.90872 


48 


st#K 


0.04653 


0.89401 


0.71536 


- 


- 


6.45834 


53/4 


3^#3r 


0.05839 


1.28041 


0.13051 


- 


- 


8.42508 


97/6 


3^#4i 


0.05482 


0.96456 


0.07746 


- 


- 


8.22871 


259/12 


4i#4i 


0.06322 


1.42818 


0.09618 


- 


- 


8.85016 


51/2 


3f#5+ 


0.04639 


1.28800 


0.11847 


- 


- 


8.33974 


70/3 


3^#5r 


0.04577 


1.40675 


0.10193 


- 


- 


9.38000 


91/4 


3^#5+ 


0.07706 


1.31128 


0.16266 


- 


- 


11.24682 


70/3 


3f#52- 


0.03321 


0.95426 


0.05034 


- 


- 


4.00733 


101/4 



Table 11. Compressibility of Compound SC Lattice Knots with volumes Vj, (top 
data) and Ve (bottom data). 
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As a final set of calculations, we considered minimal length lattice knots with 
compound knot type in the SC lattices. Our results are listed in table [TlJ Note 
that in this short list for both choices of the volume (Vfc or Ve) that 3^#5^ is the 
most compressible and has the largest value for Wk- Similarly, 3|j^#5^ is the least 
compressible with the lowest value of Wk ■ 
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